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Abstract 

The magnetoresistance, the number of the localized electrons, and 
the s-wave scattering phase shift at the Fermi level for the s-d model with 
arbitrary impurity spin are obtained in the ground state. To obtain above 
results some known exact results of the Bethe ansatz method are used. 
As the impurity spin S = 1/2, our results coincide with those obtained 
by Ishii et al. The compairsion between the theoretical and experimental 
magneticresistence for impurity S = 1/2 is re-examined. 

PACS numbers: 75.20Hr, 72.15Qm, 75.30Hx. 

1. Introduction 

The magnetoresistance for the impurity spin S = 1/2 at temperature T = 
was obtained in the s-d model by many authors [l]-[4]. For arbitrary impurity 
spin j at T — the magnetoresistance was obtained in the Coqblin-Schricffcr 
model [5] (for reviews see [6] and [7]). The purpose of this paper is to study 
the magnetoresistance for higher impurity spin in the s-d model in the ground 
state. The electric resistivity obtained by us are given below in (11)-(12). For 
impurity spin S = 1/2, (12) coincides with the known result [l]-[4]. We also 
make a comparison of the electric resistivity for 5=1/2 with experimental data 
obtained by Felsh et al. [8]. The same comparison was also done by [5]. Our 
result is different from that of [5] as shown below in Fig. 1. 

2. Numbers of localized electrons, scattering phase shifts and 
magnetoresistance 

The s-d exchange Hamiltonian for an impurity spin S localized at the origin 

is 

H = £ fc c L c k<x + 2 cl a cr aa ,c k , a/ ■ S, (1) 

k,cr k.k^CT.cr' 

where Cko- (c^) is the annihilation (creation) operator for an electron with wave 
vector k and spin a, Ek is the kinetic energy of the electron with wave vector k, 
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S is the impurity spin, er is the Pauli matrix, and J is the coupling constant. 
We will only consider the case of antiferromagnetic coupling (J > 0). We can 
also introduce a magnetic field H, then a Zeeman term should be added to the 
right hand side of (1). 

In the ground state, as the impurity spin S — 1/2, Yosida and Yoshimori 
calculated the numbers of the localized electrons around the impurity. Through 
the Friedel sum rule they obtained the scattering phase shift at the Fermi level 
and then the magnetoresistance [3] (see also a more succinct presentation [9]). 
In this work we will generalize the study of Yosida and Yoshimori to the case 
of arbitrary impurity spin. We assume that certain results of the Bethe ansatz 
method in one dimensional space [10] can be applied to the s-wave electrons 
with the above Hamiltonian (1). Under this assumption, the deduction is dra- 
matically simplified. 

If the magnetic field H = 0, Mattis pointed out [11], and Fateev and Wieg- 
mann proved [12], using the Bethe ansatz method, that the spin of the system 
of the s-d model equals S — 1/2 in the ground state. The electrons interacting 
with the impurity in the s-wave can be considered as an one dimensional system. 
The total spin of the electrons, in the ground state, according to a theorem of 
Lieb and Mattis [13], takes the lowest possible value. If the number of electrons 
is odd, the total spin of the electrons (not including impurity spin) is equal to 
1/2, which coupled with the impurity spin leads to the total spin S — 1/2 . The 
wave function of the system can be written as 

* = 1P-1/2XS + iPi/2Xs-i> ( 2 ) 

where \m i s the spin wave function of the impurity, and M is the z component 
of the spin of the impurity; ip m is the wave function of electrons, and m is the z 
component of the total spin of electrons. The electrons away from the impurity 
are unpolarized, however, the localized electrons are polarized. So that m is 
due to localized electrons. The numbers of the localized electrons in satisfy 
conditions [9]: 



n\-^ = „(V2) 

-r i/2) = -s i/2) 



1, (3) 



where nj" 1 - 1 (nj" 1 ^) is the number of the localized electrons with spin up (down) 
in tp m . Condition (3) is the consequence of Anderson's orthogonality theorem 
[14] and [9]. These conditions can be understood as follows. In the spin flip 
scattering, V-1/2XS i s transformed to V'mXs-ii or y i ce versa, in other words, 
4>-i/2Xs an d i>i/2Xs-i are connected by the s-d exchange interaction. The 
matrix element of the interaction Hamiltonian between ^"-1/2X5 an d 1 Pi/2Xs-i 
nonvanished yields condition (3). 

Now, let a uniform magnetic field H in z direction be switched on. Of 
course, the electron wave functions ^±1/2 wu l varv an( i deviate from their origi- 
nal forms, and the z-components of the spins of the electron system will deviate 



2 



from ±5, however, for convenience, we still denote them as ^±1/2- Thus the sub- 
scripts ±|of ij)±\/2 do not indicate the z-components of the spin of the electron 
system to be ±\ if H ^ 0. Furthermore, we assume that there is no components 
with Xm<s-i b em g generated as H ^ 0, because smaller M is corresponding 
to higher Zeeman energy. So that we still have (2) and (3). Besides, we have 
charge neutrality condition: 



(n\- 1/2) + ny>)P s + (n\ l, '> + n\ l, '>)P S -i 



,(-1/2) 



(1/2) 



,(l/ 2 h 



(4) 



where Ps = ^-1/2 ^-1/2/ and Ps_i = ^1/2/ are the probability 

of the system in states 4'-i/2Xs an d '4 ) i/2Xs-ii respectively The wave functions 
"J/ and x M have been normalized to unity, thus P5 + Ps-i = 1- The charge 
neutrality condition (4) can be justified by an inspection of the Bethe wave 
function [15]and [16]. The Bethe wave function shows that the number of the 
conduction electrons equals the total number of electrons, which implies that 
the total charge of the localized electrons vanishes. 
It is evident that 

SP S + (S- l)P S -i = (S?) (5) 



and 



1, 
— in 
2 y 



(-1/2) 



,(-l/2h 



1 



(1/2) 



,(1/2) 



)Ps- 



(S z e 



(6) 



where (Sf) ((S*)) is the expectation value of the z-component of the spin for 
the impurity (localized electrons) in the ground state. 
Eqs.(3) and (4) lead to 



j(-l/2) 



,(-1/2) 



,(1/2) 



,(1/2) 



(7) 



Let us denote the z-component of localized spin as Mi = (Sf) + (S%) . Eqs. (5 
) - (7) and (3) lead to 

(8) 



and then 



Mi = n ( f 1/2) + S, 

= -n^^Mi-S, 
n( 1/2) = - n f^= Mi -S+l. 



(9) 



From the Friedel sum rule [9,17] we immediately obtain the scattering phase 
shifts of the s-wavc at the Fermi level: 



5 { f 1/2 \s F ) = -5 { - 1/2 \e F )^n(M l -S) 1 



(10) 



c(l/2) 



4 V2; M =7r(Mi-5+l) 



where 5^(6 f) is the scattering phase shift of the electron in state tp m with 
z-component of spin a. 
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From (10) we obtain the impurity magnetoresistance: 



R(H) = R a sin 2 (tt Mi), S= integer, (11) 

and 

R(H) = R a cos 2 (ttM 4 ), S = half-integer, (12) 

where R a = R(H = 0) (remember M, L (R = 0) = S - 1/2 ). When S = 1/2, 
(12) coincides with those obtained in [l]-[3] with Mj replaced by an approximate 
expression. The same expression of (12) for S = 1/2 was also given by [4]. 
3. Comparison with experimental data for S = 1/2 
We compare the theoretical result with experimental data in Fig.l. The solid 
curve for magnetoresistance R(H) versus H for S = \ is obtained from (12). The 
experimental data for the magnetoresistance of (La,Ce)Al2 are taken from [8]. 
The dashed curve is obtained from (12), but takes the magnetization M l from 
(9.25) of [15] of Andrei et at, and it is the same curve shown by Schlottmann 
in [5]. Fig. 2 gives the magnetoresistance as a function of the magnetic field 
for impurities S = 1/2,1,3/2 obtained from (11) and (12). To compute R(H) 
(except those for the dashed curve in Fig.l) we have used the exact expression 
of Mi obtained by the Bethe ansatz method as follows, 

Ml (g^ B H > 2k B T H ) = S--±- ^ V in(W) r(l/2 + u>)£)-« 

xexp[-2u,ln(|g|-)] (13) 



Mi{ 9l i B H < 2k B T H ) = S - 1/2 (14) 
1 f°° exp(2wln^^-) sojsu 

+ ^ r l duJ u T{1,2 - UJ) \-) MMS-im<4 

oo / -i \n( 9fJ- B H \2»+l / 1 , n n+1/2 
n— 

where T H = 2Wy^ e -Vs' wit h g' = _^ 75 tan[(S'+ 1/2) J/2]. (This T H = 
(T"H-)wiogmann is defined as that in [16], not as T H = (T H ) Andrei in [15]. The 
relation between them is (Tfr)wiegmann = V / 8(7ff)Androi for J « 1.) N is the 
number of electrons, L is the length of the system, fi B is the Bohr magneton, 
and g is the Lande g-factor. 

We have to make some remarks. 

1, Eqs. (13) and (14) are essentially the same as (31) and (33) of [12] (where 
g = 2, n B = 1, ks = 1), respectively, but with corrections: (a) in (33) of [12] 
J du>... is replaced by the principal-value integral V J dto..., and J2^Lo ••• 
is replaced by |5Z^L -"' (k) m (33) of [12] the integrand multiplies a factor 
sin[27r(5- l/2)w], (c) in (31) and (33) of [12] T K is replaced by T H . Corrections 
(b) and (c) have already been done by [16]. 
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2, To derive (13) and (14), the Pauli susceptibility is assumed to be x = L/2w 
(for fi B = 1, g = 2) in one dimensional space which corresponds to take the 
coupling constant J = + . This value of x coincides with that adopted by 
Tsvelick and Wiegmann [16], but different from that adopted by Andrei et al. 
[15]. Andrei et al. assumed the value of \ corresponding to J = 0. Since the 
density of states at the Fermi level for J = is two times for J = + in the 
Bcthe ansatz method, the Pauli susceptibility adopted by Andrei et al. equals 
X = L/ir. In our opinion, it is appropriate to take J = + . If one assumes J = 0, 
as Andrei et al., the factor 2kgT H m an< ^ (^) should be replaced by ^ t h ■ 

3, A similar comparison between the experimental magnetoresistance and 
the theoretical result of Andrei for S — 1/2 [4] has been done by Schlottmann 
[5]. However, what we do here is different form [5]. In [5], (a) the experimental 
electric resistivity is less than those obtained by Felsh et al.[8] about ft cm 
although [5] referred to [8], (b) to compute Mi Schlottmann [5] used the result of 
[15], where the Pauli susceptibility x corresponding to J = 0. With corrections 
on these two points, we see that the theoretical curve for 5=1/2 fits the 
experimental data well except at H = 50 Oe. 

4, Conclusion 

The magnetoresistance of s-d model with arbitrary impurity spin in the 
ground state is obtained by combining the Yosida-Yoshimori method and results 
from the Bethe ansatz. The comparison of the magnetoresistance of the s-d 
model for S — 1/2 in the ground state with experimental data is re-examined. 
We have shown that one should use (13)-(14) to calculate the magnetoresistance 
to fit the experimental data. As shown in Fig. 1 , the solid curve is closer to the 
experimental data than the older result (the dashed curve). 
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Figure Captions 

Fig.l Magnetoresistance of (La, Ce)Al2. The experimental data are taken 
from [8]. The magnetoresistance R{H) corresponding to S — 1/2 shown by 

the solid curve is obtained by using (12) - (14) with Th = w\J~^~Tk, and the 
Wilson number W = 1.290265 [15]. The Kondo temperature T K = 0.20K and 
g = 10/7 are the same ones used by Rajan et al. [18]. The dashed curve is 
obtained by using M 1 of (9.25) in [15] of Andrei et al., who assumed the Pauli 
susceptibility corresponding to J = 0, and it is just the curve of Schlottmann [5]. 

Fig. 2 The magnetoresistance as a function of the magnetic field obtained 
from (11)-(14) for impurities S — 1/2, 1,3/2. The parameters are the same as 
those in Fig.l. 
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Fig.1 Ding et al 
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